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Abstract 

We study a conjectured connection between AdS/CFT and a real-space quantum renor- 
malization group scheme, the multi-scale entanglement renormalization ansatz (MERA). By 
making a close contact with the holographic formula of the entanglement entropy, we propose 
a general definition of the metric in the MERA in the extra holographic direction. The metric 
is formulated purely in terms of quantum field theoretical data. Using the continuum version 
of the MERA (cMERA) , we calculate this emergent holographic metric explicitly for free scalar 
boson and free fermions theories, and check that the metric so computed has the properties ex- 
pected from AdS/CFT. We also discuss the cMERA in a time-dependent background induced 
by quantum quench and estimate its corresponding metric. 



e-mail:mnozaki@yukawa.kyoto-u. ac.jp 
2 e-mail:ryuu@illinois.edu 
3 e-mail:takayana@yukawa.kyoto-u. ac.jp 



Contents 



1 Introduction g 

2 Entanglement Renormalization: MERA and cMERA U 

2.1 Tensor Network Algorithms |] 

2.2 MERA 

2.3 cMERA | 



3 Analysis of cMERA in Free Scalar Field Theory [11 

3.1 Formulation of cMERA in Free Scalar Field Theory 11 

3.2 Excited States in cMERA [U 

3.2.1 Ground State |l7 

3.3 Time-dependent Excited State 17 

3.4 Global Quantum Quenches [l^ 

4 AdS/CFT and Entanglement Renormalization ^ 

4.1 MERA and AdS/CFT Correspondence |2^ 

4.2 Quantum Distance |2^ 

4.3 Emergent Metric from cMERA |2| 

4.4 Coordinate Transformations and Time-Dependent Backgrounds |2^ 

4.5 Calculation of Metric in Free Scalar Field Theory 27 

4.5.1 Ground states |2^ 

4.5.2 Quantum Quenches |2^ 

4.5.3 Towards Flat Space Holography |2^ 

5 Another example: Free Fermion in Two Dimensions ^ 

5.1 cMERA for Free Fermion |3^ 

5.2 Ground State |3^ 

5.3 Metric from cMERA || 

6 Conclusions and Discussions ^J3| 
A Another Definition of Metric for Coherent States |36| 



1 



1 Introduction 



The holographic principle Q is a significant idea that relates gravitational theories to those without 
gravity such as quantum field theories. The AdS/CFT correspondence is the most well-understood 
example of the holography |2| [J. On the one hand, it allows us to study strongly coupled quantum 
systems by using general relativity. At the same, the holographic dictionary, in principle, allows 
us to analyze quantum aspects of gravity, which have been remaining as one of major challenges 
in theoretical physics. Our understanding on the basic principle and mechanism of the holography 
is, however, still limited. To address fundamental issues in quantum gravity, such as the creation 
of the universe or cosmology, it is highly desirable to develop a more general framework for the 
holography, which allows us to go beyond the anti de-Sitter spacetime and explore non-trivial 
generalizations of AdS/CFT. 

Recently, an interesting connection between AdS/CFT and a real-space renormalization group 
scheme in quantum many-body systems, called the multi-scale entanglement renormalization ansatz 
(MERA) [g |], has been pointed out by Swingle §. Refer also to @, |, |, [R], 0, g|, 0, |l| 
for related recent works. 

The MERA is originally proposed as an efficient (numerical) method to find a ground state for 
a given quantum many-body system. A very brute-brash illustration of the basic construction of 
the MERA may be given as follows. (See the main text for more details.) Suppose we want to 
find a ground state for an interacting spin system on a one-dimensional lattice with 2 m sites. To 
deal with the exponentially large Hilbert space, we develop an iterative procedure; starting from 
the true ground state with 2 m spins, at each step of iteration, we look for a description in terms of 
fewer effective, degrees of freedom, by coarse-graining the original spins. In order for this "naive" 
application of the real space renormalization group idea to work for quantum systems, however, 
quantum correlation between different spins need to be taken care of. In the MERA the coarse- 
grain procedure is accompanied with an unitary transformation, called "disent angler" , which is 
designed to remove quantum entanglement at a given scale. In the MERA, a quantum ground 
state is thus described by a hierarchical structure that consists of coarse-graining and disentanglers 
acting at different scales. Ref. || proposed to relate the above iterative steps of the MERA to the 
extra dimension of the AdS. 

(Alternatively, one can run the above procedure "backward" to develop an "IR-to-UV" picture; 
In this picture, we start from a uncorrelated IR state to describe the our target (ground) state 
at UV by using the coarse graining transformations iteratively. Along these steps, we use the 
"disentangler" to generate entanglements between spins, in such a way that the UV state correctly 
mimics the true ground state as closely as possible. See the main text for more details.) 
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An important hint for the connection between AdS/CFT and the MERA is obtained by compar- 
ing how the entanglement entropy is estimated in both cases fl~6[j . (For reviews of the entanglement 
entropy in quantum many-body systems, see, e.g., (17], |l^, ^0|). In the classical gravity limit 
of AdS/CFT, we can calculate the entanglement entropy Sa for a subregion A from the minimal 
area surface [ |21| (for reviews see p^]): 

Area(7 A ) 

S A = —r^ , (1) 

where Gn is the Newton constant of the AdS gravity; 7 a is the minimal area surface which ends 
on the boundary of A at the AdS boundary. The holographic formula (fil) has passed many tests: 



the analytical agreements in AdS3/CFT2 [21]; the strong subadditivity [|23]]; the phase transition 
when the subsystem A is disconnected ; the agreements of the coefficient of logarithmic terms 
21, 25, ffijfl ; moreover, the proof of (|l|) has been given in |^6| when the subregion A is a round 



sphere. Strictly speaking, this prescription can be applied only to static systems. However, in 



general time-dependent backgrounds we can employ the covariant formulation in [27|. 

The holographic formula (|]) already suggests a possibility of reconstructing the bulk spacetime 



in gravity from the quantum field theoretic data [27]. If we know the ground state of a given 
quantum field theory or quantum many body system, then we can in principle calculate the entan- 
glement entropy Sa for any choice of subsystem A. Since Sa is related to the area of a minimal 
surface in its gravity dual (such as the AdS), it is natural to expect that we can reconstruct the 
metric of this gravitational spacetime by considering all possible choices of the subsystem A. Refer 



to [28, 2S] for several developments in this direction. 

The structure of the entanglement included in the (candidate) ground state in the MERA is 
set by its coarse-graining structure and the disentanglers. We can thus estimate the entanglement 
entropy Sa essentially by counting how many disentanglers, which may be operative at different 
iterative steps, are relevant for a given region A. Such counting gives us a bound for the entangle- 
ment entropy, which looks quite similar to the holographic formula (|l]) as pointed out in Q. (See 
the main text for more details.) 

Though traditionally the extra dimension of a AdS has often been identified with the energy 



scale of the Wilsonian renormalization group flow in momentum space [ 3C , [31], 32 ] , the calculation 
of the entanglement entropy suggests that AdS/CFT fits nicely with the real space renormalization 
group scheme, especially with the MERA. This is simply because the AdS metric is defined in 
the real space and it is not straightforward to see the structures in momentum space of its dual 
conformal field theories geometrically. 

The purpose of this paper is to make the interpretation of AdS/CFT as the entanglement 
renormalization more concrete by looking closely at the holographic geometry of a given quantum 
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field theory. In order to match with AdS/CFT we need to take the continuum limit of the MERA. 
This is recently studied in [^] and is called the cMERA (continuous MERA). We will use this 
formalism and relate it to AdS/CFT. In particular, we propose a proper definition of metric in the 
extra dimension purely in terms of data of quantum field theories for translational invariant states. 
This will be a first step to understand an emergence of gravitational spacetime from quantum field 
theories based on the idea of holography. For earlier works on emergent gravity via holography 
refer to, e.g., |34], 0]. 

This paper is organized as follows: In section two, we introduce the idea of the MERA and 
cMERA. In section three, we formulate the cMERA for a free scalar field theory so that it includes 
a series of excited states. In section four, we study the connection between AdS/CFT and the 
(c)MERA; we introduce a holographic metric in the extra direction. In section five, we give anal- 
ogous results for a free fermion theory in two dimension. In section six, we summarize our results 
discuss future problems. 



2 Entanglement Renormalization: MERA and cMERA 

In this section, we introduce and review the MERA (the multi-scale entanglement renormalization 
ansatz) [|]], and its continuum counter part, the cMERA (the continuous multi-scale entanglement 
renormalization ansatz) [ p3[] . They were proposed as an efficient (numerical) method to find a 
ground state of quantum many-body systems by the variational principle, and can be considered 
as an implementation of the real space renormalization group. Since the MERA can be thought of 
as an example of more general framework, called the tensor network algorithms or tensor network 
methods, let us start by describing tensor network algorithms in general, and in particular, one of 
their simplest examples; the matrix product states (MPS) and the density matrix renormalization 
group (DMRG). 

2.1 Tensor Network Algorithms 

A major challenge in quantum many-body problems is their exponentially-large Hilbert space. A 
successful (numerical) algorithm for quantum many-body systems should provide an efficient way to 
explore/access the physically relevant subspace of the total Hilbert space. (For example, Quantum 
Monte Carlo attempts to achieve this by importance sampling.) Different phases in the quantum 
many-body systems may be classified/categorized in terms of their computational complexity, or, 
equivalently, the scaling of the entanglement entropy as a function of the size of a spatial region of 
interest. The strategy of Tensor Network Algorithms (Tensor Network Methods) to attack quantum 
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many-body problems is to (i) target a given class of computational complexity and to (ii) find, 
within the given computational class, an optimal quantum state which most faithfully describes 
the true ground state. In this way, Tensor Network Methods avoid the exponential blow-up of the 
Hilbert space dimension as a function of the system size. 

In the tensor network methods, a quantum state \^>) is described in terms of a set of tensors. 
Each tensor can be of arbitrary rank and can carry multiple indices. Some of the indices represent 
physical degrees of freedom (such as quantum spin degrees of freedom defined at each site of a 
give lattice system), while the others represent unphysical, auxiliary degrees of freedom that are 
introduced for the purpose of efficiently writing down a ground state - see below for more details. 
A physical wavefunction (quantum state) is represented as a product of tensors with properly 
contracted indices in the auxiliary spaces. 

Tensor network representations of a quantum state can roughly be described in terms of their 
"structure" and "variational parameters". The former includes the rank of tensors involved and 
how these tensors are contracted. This can often be described in terms of a network diagram, as 
in Figs. H|, g |3[ This structural aspect largely sets the computational class of possible quantum 
states that the tensor network can describe. On the other hand, the latter includes the dimensions 
of auxiliary spaces and actual numerical values of tensor elements. They can be optimized, within 
a given structure of the tensor network, to find a best tensor network state which best describes 
the target quantum state. 

The matrix product state (MPS) |3£| or the density matrix renormalization group (DMRG) 



36] is a canonical example of Tensor Network Algorithms in one spatial dimension, and one of the 
most successful algorithms for many-body quantum systems. Consider, as an example, a quantum 
spin chain with n S = 1/2 degrees of freedom. A quantum state is described by specifying the 
coefficients (wavefunction) c(o"i,o"2, . . . , cr n ): 



W = Yl c{ai,a 2 ,...,a n ) \ai,a 2 ,...,a n ), (2) 



<71,CT2,...,<Tji 



where a\ = 0, 1 (spin up and down). In the MPS in one spatial dimension, we construct the 
coefficient c(ai, a 2 , • • • , cr n ) as a product of tensors (tensor network) constructed from, as a building 
block, a tensor M a p(a) with three indices. Each tensor M can pictorially be represented as a 
"junction" or "tripod" as in the upper right part of Fig. |l|. The tensor M a fl(cr) has one physical 
or spin index, and two auxiliary or "internal" indices a, (3 that take values 1,2, . . . , J; J is one of 
(variational) parameters of the tensor network. The coefficients c(a\,a 2 , ■ ■ ■ ,cr n ) in the MPS are 
given by considering n such "tripods", which are, in simplest cases, all identical, and contracting 
indices for the auxiliary spaces for a given set of physical indices. Thus, c(ai,a 2 , . . . ,a n ) in this 
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MPS(DMRG) 



Spin chain 



Figure 1: The matrix product state (MPS) for a quantum spin chain. The upper left diagram 
represents a tensor network for the MPS, which consists of "tripods" shown in the upper left 
diagram. The corresponding quantum state is shown below. 

construction is given by a product of J x J matrices M a p(a) as 

c(a 1 ,a 2 ,...,a n ) = Tr[M(a 1 )M(a 2 )---M(a n )]. (3) 

This is pictorially represented as in the upper left part of Fig. |l]; When two legs of junctions (= M) 
are connected in the diagram, we contract the indices between them. In DMRG, a candidate for the 
ground state of the system is represented as a MPS, parameterized by a set of matrices M Qj g(cr), 
and then it is variationally optimized. The candidate state can be systematically improved by 
increasing the dimension J of the auxiliary space. 

By introducing higher rank tensors and considering tensors connected (contracted) via more 
complex network, the MPS can be extended to higher dimensions. Such an generalized framework 
is called projected entangled-pair states (PEPS) [|37|, p8[ |. 

Let us now ask, focusing again on systems in one spatial dimension, what kinds of quantum 
states can be represented as a MPS; what is the computational class of wavefunctions represented 
by the MPS? To answer this question, let us estimate the entanglement entropy Sa for MPS 
wavefunctions when bipartitioning the system into two subsystems A and B and taking a partial 
trace over B. One finds it is bounded as 

S A <2\ogJ. (4) 

This can be understood as follows. Upon bipartitioning, the only parts of the tensor network (MPS) 
that contribute to the entanglement entropy are the "bonds" which are "cut" by bipartitioning. 
These bonds are not a coupling in the physical Hamiltonian, but one of the legs of a tripod M 
which is connecting two auxiliary indices. The maximal contribution to the entanglement entropy 
from each bond is given by log J. In this way we obtain the bound (||). The factor of two comes 
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Figure 2: The tensor network diagrams and the estimation of the entanglement entropy Sa for 
the matrix product state (MPS) (left) and for the tree tensor network (TTN) (right). 

from the two ends of the region A. For later purposes, we introduce a curve 7^ to specify this 
partitioning; it has its ends on the interface of the subregions A and B, and it intersects with the 
two bonds in the tensor network; See the left panel in Fig. |2[ 

The entanglement entropy Sa can thus be made arbitrary large if we increase the dimension 
J of the auxiliary space. However, it does not scale with the size of the subregion A. On the 
other hand, it is well-known that the entanglement entropy in a one dimensional critical system 



(relativistic CFT) is proportional to logL, where L is the size of the subsystem A |39, 40]. Therefore 
the bound (Q) shows that MPS ansatz cannot realize the large amount of entanglement required to 
simulate quantum critical systems. (On the other hand, it is known that, the ground state of any 
one-dimensional gapped system can faithfully represented by the MPS if J is sufficiently large.) 

2.2 MERA 

In order to look for an alternative to the MPS, which would work better for quantum critical 
systems, we need to modify the structure of the tensor network. The tensor network for the MERA 
is different from the MPS and has a layered structure as pictorially represented in Fig. |3[ We 
label layers by an integer u according to their depth or generation. We take u = 0, —1, —2, —00 
for later convenience. The original spin chain is located on the 0-th layer (u = 0), which is at 
the bottom of the tensor network in Fig. ||. The second layer (u = —1) is obtained by combining 
two spins into a single one by a linear map (isometry), which is regarded as a coarse graining 
procedure or equally the scale transformation; the layered structure is motivated by the real space 
renormalization group idea. We can repeatedly apply this procedure as many as one wishes. If the 
original system has n spins, there are n ■ 2 U spins on the layer u. 

The coarse graining is, however, not the only ingredient of the MERA. In fact, if it were so, 
the tensor network would look like the right panel of Fig. 0; This tensor network construction is 
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called the tree tensor network (TTN). The entanglement entropy of the TTN is, again, bounded 
by a formula like (Q), and does not scale as the function of the size of the subregion A. This 
can easily be understood pictorially from the right panel in Fig. ||. To remedy this situation, we 
are lead to add extra bonds called "disentanglers" , as explained in Fig. ^. Physically, this means 
that we perform an appropriate unitary transformation on each of the Hilbert spaces of two spins. 
To summarize, the coarse graining procedure together with the disentangler defines the tensor 
network of the MERA Q . The tensor network consists of tripods representing the coarse graining 
transformation (called "isometries" ) and tetrapods which represent "disentanglers". As before, in 
order to obtain the ground state (numerically), we minimize the total energy by optimizing the 
parameters in isometries and disentanglers. (See Fig. |||.) 

In order to better understand the effects of disentanglers, let us now estimate the entanglement 
entropy in the MERA for a subsystem A with L spins. For a general tensor network state, the 
entanglement entropy Sa is bounded as 

^<#Bonds( 7A )-logJ, (5) 

where #Bonds(7 J 4) is the number of bonds intersected by ja hi the tensor network. Notice that in 
general there are various choices for ja and #Bonds(7yi) depends on the choice. Therefore we need 
to minimize this to obtain the most strict bound which can be saturated by the tensor network as 

S A < Min 7A [#Bonds( 7A )] • log J. (6) 

In the MERA for a spin chain, it is easy to estimate the curve ja which leads to the minimum 
entropy and we obtain the following bound as explained in Fig. ||: 

S A <c-logL, (7) 

where c is a numerical constant of order one. In this way, the entanglement structure of the MERA 
is consistent with that of quantum critical systems. 

It is also worth while mentioning that it is straightforward to find higher dimensional versions 
of the MERA for e.g. spin systems in two and three spacial dimensions by changing the structure 
of the coarse-graining and the disentanglers accordingly. 

2.3 cMERA 

For applications to quantum field theories, it is desirable to consider a continuum formulation of 
the MERA. One such formulation is recently explored in [33] and is called the cMERA (continuous 



MERA). This formulation is also useful in order to make clearer the connection between AdS/CFT 
and entanglement renormalization as we will explain in a later part of this paper. 
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MERA 




Figure 3: (Left) The tensor network for the MERA and the estimation of the entanglement entropy. 
The brown trees describes the coarse-graining of the original spin chain. The red horizontal bonds 
describe the disentanglers, which is an unitary transformation acting on each pair of two spins. It 
is clear from this picture that we can estimate the entanglement entropy as Min 7A [^Bonds(7^)] ~ 
logL. (Right) The MERA tensor network consists of disentanglers ("tetrapods") and isometries 
implementing coarse-graining ("tripod"). 

Assume that a QFT with a Hamiltonian is given. We need to impose a UV cut off A = -, 
where e can be identified as the lattice constant. We denote the Hilbert space defined by the fields 
with the UV cut off A as "Ha- As in the MERA j|, [|, we will perform coarse graining procedures. 
We thus consider a one-parameter family of wave functions (or states) 

I* («)> G WA, (8) 

where u represents the length scale of interest. We take u such that the momentum k is effectively 
cut off as | A; | < Ae u . We can regard u as the continuum analogue of u introduced in the MERA 
to specify the layers. It is important that we always work with the same microscopic Hilbert space 
H\. The UV limit and the IR limit are defined to be u = utjv = and u = utr — > — oo. 
We define the states in the IR and UV limit as follows: 

|*(«m)> = P), (9) 
|tt(uuv)> = |*). (10) 

The UV state \^>) is what describes the system we are studying, typically the ground state for a 
given Hamiltonian. In this paper we always assume that the system is described by a pure state. 
On the other hand, the IR state |fi) is a trivial state in that there is no quantum entanglement 
between any spacial regions in that system and the entanglement entropy vanishes Sa = for any 
subsystem A defined in a real space. We can relate \*$>(u)) and \Q) by a unitary transformation: 

|*(u)) =U(u,u m )\Q). (11) 
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Equivalently we can represent in terms of the UV state: 

\V) = U(0,u)Mu)). (12) 
Now we express the unitary transformation as 



U(ui, U2) = Pexp 



i f % {K(u)+L)du 

J U2 



(13) 



where K(u) and L are the continuum analogue of the disentangler and the scale transformation 
(coarse graining) in the cMERA, respectively |3^]. The symbol P means a path-ordering which 
puts all operators with smaller u to the right. For later convenience we also define P as the one 
with the opposite order. 

We require that the IR state \Q) is invariant under the scale transformation L: 

L\Q) = 0. (14) 

This is because the IR state does not have any quantum entanglement and each spacial point 
behaves independently. On the other hand, following the discrete MERA, the operator K(u) is 
designed to generate the entanglement for the modes with wave vectors |A;| < Ae u , as becomes 
clearer from the later arguments. Therefore, ( |TTj) shows that the UV state is constructed from 
the non-entangled state |f2) by repeating the addition of the quantum entanglement and the scale 
transformation as u varies from —00 to 0. If we view this in an opposite way from the UV to IR 
limit, at each step we disentangle the system by K (u) and then do a coarse-graining by L. 

At first sight, the construction of quantum states by the cMERA looks quite different from the 
MERA. In particular, in the MERA the dimension of the Hilbert space (the number of spins) is 
reduced by half in each step of coarse graining, while in the cMERA the dimension of the Hilbert 
space is preserved. It is, however, possible to formulate the MERA in terms of a unitary evolution 
as in the cMERA. This can be done by simply adding a fixed dummy spin state |0) in each step 
of coarse graining in the MERA so that it keeps of the size of Hilbert space. The coarse-graining 
procedure in the cMERA can be more properly understood as the continuum limit of this latter 
definition of the MERA. 

By moving to the 'Heisenberg picture', we can define an operator O at scale u as 

0{u) = f/(0, uy 1 • O ■ U(0, u), (15) 
where O is the operator in the UV limit. This satisfies 

= (*(«)|0(«)|*(u)). (16) 
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Finally it is useful to rewrite U in the 'interaction picture': 

U(u u u 2 ) = e-^Pe^QK^ . e iu * L , (17) 

where we defined 

K(u) = e iuL ■ K{u) ■ e~ iuL . (18) 
In this way we find for the UV state: 

I*) = Pe - i fu m ^ du \n). (19) 

In general, the operator K(u) is chosen so that it creates the quantum entanglement for the 
scale below the UV cut off, i.e., \k\ < A. The effective operator K(u) when we factor out the scale 
transformation is defined by (|l§|) and thus K(u) generates the entanglement for the scale \k\ < Ae u 
in the expression ([19]) as advertised. 

For a finite u, we get: 

|tf( u )) = e ~ iuL • Pe~ iS ^ K{s)ds \Q). (20) 
For later purpose, it is also useful to define 

= e iuL \y{u)} = Pe~ if ^ K{s)ds \ty. (21) 

The physical meaning of the state \ &(u)) is as follows: as u varies from — oo to u, we add the entan- 
glement by the operator K(u). For the scale higher than u, we just perform the scale transformation 
L until it reaches the UV limit. This defines the state \&(u)}. 

3 Analysis of cMERA in Free Scalar Field Theory 

Here we analyze the cMERA in a free scalar field theory, which is the main example in this 
paper. We will closely follow the formulation in [^] (the appendix of version 1) and generalize this 
construction so that it can describe a class of excited states with a generic dispersion relation. 

3.1 Formulation of cMERA in Free Scalar Field Theory 

Consider the (d + l)-dimensional free scalar field with the general dispersion relation e&. In mo- 
mentum space, the Hamiltonian is given by 

H = \ I d d k Hk)<~k) + el • Hk)H~k)]. (22) 
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The results for a standard massive relativistic scalar field is obtained by setting e k = \Jk 2 + m 2 . 
We can express <j)(k) and ir(k) in terms of creation and annihilation operators 



4>{k) 



2i 



(23) 



The commutation relation between a k and a) k is given by 

[a k ,a\] = 5 d (k-p), 

which is equivalent to 

[<j>(k),n(p)}=i5 d (k + p). 
First, we define the IR state \Q) by 



(24) 
(25) 

(26) 

where M is a constant, which is taken to be order of the UV cut off A as we will confirm later. 
Note that for this state |fi), the entanglement entropy Sa is indeed vanishing for any subsystem A 
because all modes for any x are decoupled from each other. It satisfies 



M<P{x) + -f=ir{x) )\n) = 



{n\cj)(k)(t>(k')\n} 



M 



2M 



5 d (k + k'), {tt\ir(k)ir(k')\n) = —5 d (k + k'). 



In the oscillator expression, |f2) is defined by the property 



(a k a k + /3 fe aL fe )|Q) = 



where 



a k 



+ 



Pk 




(27) 



(28) 



(29) 



The IR state \Q) is invariant under the (non-relativistic) scale transformation L: 

-iuL Alu \JuL _ e -i u ^ e -u k ^ 

e-i u n{e- u k). 



e- iuL 6(x)e iuL 



-iuL 



ir(x)e 



iuL 



e2 u <p(e u x), 



e2 u Tr(e u x), 



i "—(p{k)e l 



J 7r(k)e v 



(30) 



Note that L differs from the standard (relativistic) scale transformation L' which is given by 



e~ iuL 6(x)e iuL 



-iuL 



ir(x)e 



iuL 



eV>( e u x), 
e ^ u 7r(e u x), 



-iuL 



-iuL' 



</>(k)e 
ir(k)e 



iuL 



iuL 



e-^^e^k), 
e -^ u ir(e- u k). 



Now, we introduce the disentangler as follows [ 33 1 



K{u) = \ I d a k [g(k,u)(cl>(k)7r(-k) + n{k)</>(-k))] . 



(31) 



(32) 
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We assume^ that the k dependence of the real valued function g(k, u) is s-wave i.e. only depends 
on \k\. The function g(k,u) is assumed to have the following form 



g(k,u)= X (u)-T(\k\/A) 



(33) 



where T(x) = 9(1 — \x\) is the cut off function (9(x) is the step function); x( u ) 1S a rea l valued 
function. Although at this point ( |32|) is an ansatz to find a ground state, we will show later that 
it produces the exact ground state. Then the transformation U (0, u) defined by (|l^) acts as 



U(0,u)~ l (t>(k)U(0,u) = e- /(fc ' u) e-t<V( e - u fc), 
U{Q,uy l Tt(k)U(Q,u) = e f{k ' u) e-^ d 7r(e~ u k). 



(34) 



Notice that in the interaction picture (19) we find 



1 



K(u) = -J d d ke du [g(k,u)(j)(ke u )ir(-ke u ) + g(k,u)ir(ke u )(l)(-ke u )] 
= 2 / ddk [g( ke ~ U > u)(f>(k)n(-k) + g(ke~ u , u)ir(k)<f>(-k)] . 
The function f(k,u) satisfies 



df(k,u) 



du 



g{ke u ,u), 



which is solved as 



f(k,u) 



I ds g(ke~ s , s) 
Jo 



(35) 



(36) 



(37) 



Note that the final expression in fl35|) shows that the momentum integral in K(u) has the cut off 
\k\ < Ae s . 

Finally we apply the variational principle and minimize the energy j33|| . The total energy E is 
given by 



E = {9\H\V) = (n\H( UlR )\n) 



(n\ / d a k 



i 



3 2/(fc,u IR ) -u m d 



7r(ke- Um )ir(-ke^ Um ) 



+ e 2 k ■ e- 2f ( k ' Um) e- u ™ d (P(ke- Um )(j){-ke- Um )\ \Q) 



d a x I d a k- 



„2f(k,u m ) M | £fc_ -2f(k,u m ) 



(38) 



4 More generally we can consider a disentangler which is not s-wave, where g(k,u) depends not only |A:| but also on 
the vector k as g(k,u) = ai 1 i 2 ..,i l (\k\, u) ■ k ll k 12 ■ ■ ■ k li . The free fermion theory corresponds to I = 1 example in this 
sense as we will seen in section 5. In the light of holography, such a generalization will correspond to the excitations 
of higher spin fields in the dual higher spin gravity theory as we will comment in the final section. 
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We require the variation of E with respect to x( u ) 101 an Y u 1S vanishing: 
5E - 2 



5x(u) 



J d d x J d d k (V /(fc ' UlR) M - £| e - 2 /( fc .«iR)^ r(|A;|e- u /A) = 0. 



Thus we find 



By using 



we obtain 



f{k,u lK ) = \\og^ (|*| < A). 



rum i — log A/|fc| 
f(k,u m )= / g(ke~ s ,s)ds = / x(s)ds, 
Jo Jo 



X(u) = j 



(39) 
(40) 
(41) 
(42) 



\k\=Ae v 



This characterizes the ground state |$) of the free scalar field theory given by the Hamiltonian 



In particular, for the free scalar field theory with a mass m [33 we obtain 



1 



X(u) = - 



2 e 2u + m 2 /A 2 ' 



M = \/A 2 + m 2 . 



(43) 



The function f(k,u) is given by 



f(k,u) 



( 1 



log 



+ e 2u A 2 



nv 



+ A 2 



1, k 2 + m 2 



I 4 



7 log 



in- 



+ A 2 ' 



< Ae u ) 



> Ae u ) 



Some comments are in order here. In the CFT (massless limit), we always have x( u ) = \- 
Thus one can show that the total operation K + L at each scale coincides with the relativistic scale 
transformation (dilatation) L' of the CFT. In the massive case, we have x( u ) — \ lu t ne UV region, 
i.e., e" > |. On the other hand, in the IR region e u <C t, we have x( u ) — an d the unitary 
transformation acts trivially, corresponding to the absence of mass gap. 

It is also intriguing to consider non-standard scalar fields. If we assume the dispersion relation 
6k oc k u , which corresponds to a Lifshitz theory (anisotropic scale invariant theory) with the 
dynamical exponent v, we again find that x( u ) takes a constant value 



X{u) = -. 



(44) 



3.2 Excited States in cMERA 



Here we would like to describe a class of excited states in the cMERA given by the coherent states: 



(A k a k + B k al k )\V ex ) = 0, 



(45) 
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where we normalize 

\A k \ 2 - \B k \ 2 = 1. (46) 

Notice that the definition of (A k ,B k ) still has the ambiguity of phase factor. The ground state 
corresponds to the choice B k = 0. 

We want to relate the UV state \^ e x) to the unentangled IR state |fi) via the unitary transfor- 
mation 

\V ex )=Pe- if °™^ {u)du \n), (47) 



as in (19). In terms of oscillators, we assume the form 



K^(u) = % -Jd d k (g k (u)a\a ] _ k - g* k {u)a k a^ , (48) 

where the function g k is taken to be the form 

^(u)=^(«)r(|fc|e- u /A). (49) 

For example, K{u) in (|35|) can be written in this form with the identification g k {u) = T(\k\e~ u /A)x(u). 
In general g k (u) takes complex values and K^{u) cannot be cast into the form (|35|). 



To proceed, it is useful to look at how the unitary transformation in (47) acts on the creation 



and annihilation operators. It is given by a linear transformation of the following form: 





< a k \ 







Here p k (u) and q k {u) are given in terms of g k (u) in the following way: 



Q*k( u ) P*k( u ) 
where the matrix G k {u) is defined by 



u 



M k (u) = I Pk(u) qk{u) 



«IR 



g k (u) \ g(u) 

G k (u)= 1 =F(\k\e- u /A) yK 1 . (52) 

gt(u) / \ g*(u) 



The matrix M k (u) defined by (51) satisfies 

dM k (u) 



du 



-M k {u)G k {u). (53) 



M k {u) clearly satisfies |pfc(w)| 2 — \q k (u)\ 2 = 1 and preserves the commutation relations between a k 



and at. 
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Eventually, for the UV state \^ ex ), we find that (A k , B k ) in the definition (^) is related to the 
IR values (a k ,(3 k ) by 

(A k ,B k ) = (a k ,p k )-M k (0). (54) 
As is clear from (|5^) in general we can decompose G k (s) into two pieces 

G k {u) = G(u)T(\k\e~ u /A). (55) 

This allows us to rewrite M k (0) 

M fc (0) = P ■ exp (- duG(ti)j . (56) 

Notice the relation 

G n (u) = G* 22 (u) = -G* u (u), G 12 (u) = G* 21 (u). (57) 
It is also useful to extend the previous construction to the state at scale u 

\*ex(u)) = e~ iuL • Pe- i %B. & * {8)d8 \n) = e- iuL \$ ex (u)), (58) 

as we did in (p0|). Since \^ ex (u)) is obtained from the scale transformation of \& ex (u)), we need 
only to consider the relation between \$> ex (u)) and \ This can be found from (|50|) as follows: 

(A k (u),B k (u)) = (a k ,p k ) • M k (u), (59) 

where we assumed that \$> ex (u)) satisfies (A k (u)a k + B k {u)a)_ k )\<& ex (u)) = 0. 
Before we go on we have a few remarks. Notice that M k (u) satisfies 

M k (u^a 3 M k (u) = o- 3 , detM fc (n) = 1, (60) 

which says that M k (u) belongs to SU(1, 1). 

The parametrization ( |5"2| ) covers only two out of three generators of SU(1, 1). The remaining 
one is found to be the form 

e i5k( - u)as e SU (1,1). (61) 

If we fix (a k ,(3 k ) and ask if we can find M k (u) for an arbitrarily given pair (A k , B k ), M k (u) should 
have three parameters. However, if we remember that (A k ,B k ) is defined up to a phase factor, 
M k (u) only needs to have two parameters. Therefore, the ansatz (|52|) is enough and we can ignore 
the one (|6l|). 
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3.2.1 Ground State 

The ground state of the cMERA corresponds to A k = 1 and B k = and thus we find from (|5 



If we assume that g k (u) takes only real values i.e. g k = (g k )* , then we find from (p 7 ^) 

(cosh f " duq k (u) — sinh f u duq k (u) \ 
J«m yfcV ' Jum yfe ^ ( 63 ) 

~ sinh Ju IR dn Sfc (u) cosh cfai (u) J 

By comparing between these in the UV limit u = 0, we need to require 

e Ju m w i _ — _ ( 64 ) 

V £fc 

This is equivalent to ( |40D and therefore indeed it agrees with the result in the previous section. 
The explicit form of g k is given by 

^(u)=x(«)r(|fc|e-7A), (65) 

where x( u ) is defined in (|4^) . In this example of the ground state, the matrix G k (s) ( |52|) explicitly 
reads 

G k (s) = X (n)T(\k\e- u /A) f ° 1 

V 1 ° 

3.3 Time- dependent Excited State 

We can find pk(0) and q k (0) (or equivalently Mfc(0)) from A k and -Bfc as follows: 

p fc (0) = a k A k - (3 k B* k , 

q k (0) = -/3 k Al + a k B k . (67) 



By taking the derivative with respect to the momentum fc, we obtain from (|5 

l*l(S|fc|P)p* " \k\(d\k\Q)q* \k\p(d\ k \q) - \k\q(d\ k \p) 
-\k\(d lkl p*)q* + \k\p*(d [kl q*) -\k\q(d [k] q*) + \k\p(d w p* 



(68) 



where we omit, for simplicity, the arguments of p k (0) and q k (0) as p and q. After we calculate G{u) 
from (pH), we can eventually compute M k (s) following (pll) in principle. 
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We would like to analyze a class of excited states given by (|45|). In particular, we assume that 
at time t = 0, the ratio A k /B k is real. This includes the important examples of quantum quenches 
discussed later. By taking into its time evolution, A k and B k are given by the following form: 



A k = ^l + al-e^ t+ie \ 

B k = a k -e-^ t+i6 \ (69) 

where a k is taken to be an arbitrary real valued function of k. The phase 9 k is a redundant parameter 

on which the UV state \^ ex ) does not depend. We choose 9 k such that G\\ = 0. Considering the 

limit M ~ A 3> e k , we obtain 

/ / ~ Q \ d\k\a,k ■ sin 28k 
d ]k] e k = t 2a k Jl + a 2 k co S 26 k - 1 - 2ajM <9| fc |e fc - IM , (70) 

V J \J l + a l 

G 12 = g ( log M) = (x + ^^sin^) + (71) 

Note that this shows that the function g(u) in this final expression ([H]) is real valued in the low 
energy region — u 3> 1. This property is no longer true in the high energy region u ~ 0, where 
similar calculations lead to a slightly complicated expression. Below we focus on the former region 
as that is enough to find the essential property we want. Since g(u) is real, we can find the 
expression of M k (s) and it is given by ( |63| ) with x( u ) replaced with g(u). 

One important property which we can find from ( |71~D is that at late time g(u) increases linearly 
in general as long as a k ^ 0. This agrees with the fact that the entanglement entropy generally 



grows linearly under a time evolution after a strong excitation (or called quantum quench) [41| as 
we explain in the next section. 

One may notice that the choice of 9 k has an ambiguity which corresponds to an integration 



constant when we solve (70). In other words, G\2 or equally g(u) depend on the choice of 9 k . This 
is because even though the UV state \^> e x) defined in (45) is independent from the choice of 9 k , 



the middle energy state \^ ex (u)) (or equally \$ ex (u))) does depend on 9 k . There does not seem 
to exist any uniquely preferable choice of 9 k . This means that the definition of the cMERA for a 
given excited state is not unique at least within the current approach. We will later discuss the 
holographic interpretation of this ambiguity and argue that it corresponds to the choice of time 
slices extended into the extra dimension. 

3.4 Global Quantum Quenches 

One convenient physical process to create an strongly excited state is the global quantum quench 
where the system uniformly gets excited by a sudden shift of some parameters such as mass or 
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Figure 4: The time-evolution of G12 = g{u) after a quantum quench, computed for m = 0.1 and 
rriQ = 1 using the same approximation in (|73|). We fixed the phase ambiguity as 6o(t) = 0. The 
horizontal and vertical coordinate correspond to l/\k\ = ee~ u and t, respectively. The former, 
1/1 A; I, can be interpreted as the z coordinate in the AdS as we explain in section 4. With this 
interpretation, we can observe, qualitatively, that the excitations induced by the quantum quench 
are within the light-cone: z < t in the AdS. 

coupling constants |4l], [l^] . Here we consider the global quench triggered by the shift of mass of 
the free scalar. Especially, we choose it such that the mass is tuq for t < and it suddenly goes to 
m at t = and later. 

By requiring that the field and its momentum are continuous at t = 0, we find the system for 
t > coincides with the excited state (45) defined by ( |7l|) with the specific choice of a& 



au = — 
k 2 



k 2 + m% \ 4 / k 2 + m 



(72) 



k 2 + m 2 J \k 2 +rnQ / 
Let us consider the case where m = i.e. = |fe| so that we obtain a CFT after the quench. 



The differential equations ([70) and (71) get simpler in the region rriQ <C \k\ <S A and we can solve 

as 

O k ~-\k\t + {t), 

G 12 = g (log^) ~ \ - ^tsm(2\k\t - 6 (t)) -^ COS (2\k\t - 9 (t)), (73) 

where 0o(t) is an undetermined integration constant as discussed in the previous subsection. We 
plotted the form of G12 = g(u) as a function of l/\k\ and t by choosing 9o(t) = in Fig. ||, where 
introduced the IR cut off by turning on m slightly so that the divergence of a/~ ([72]) in the IR limit 
I A; I — > is regularized. 
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4 AdS/CFT and Entanglement Renormalization 

As we have explained, the MERA and the cMERA are a useful tool in quantum many-body 
problems and quantum field theories, and can be viewed as an efficient implementation of the 



real space renormalization group idea. As conjectured in || (see also [42, £33[ for later related 
arguments), it is natural to expect some relation between the MERA/cMERA and the AdS/CFT 
correspondence, where in the latter the extra direction in a AdS is interpreted as the energy scale 
of the renormalization group flow. The purpose of this section is to materialize this interpretation 
by introducing a proper metric structure for the tensor networks in the MERA/cMERA. 

4.1 MERA and AdS/CFT Correspondence 

The holographic formula ([!]) provides us with a way to compute the entanglement entropy in a QFT 
from the bulk geometry. Since AdS/CFT is a duality, it would be possible to "read backward" the 
holographic dictionary, and infer the bulk geometry from entanglement in the QFT. This strategy 
could be extended to a generic class of QFTs, and in particular to QFTs for which we can find a 
ground state by the MERA. Therefore, let us start by remembering how the entanglement entropy 
can be estimated for a wavefunction represented in terms of a MERA network; it was discussed 
in Sec. 2.2, The entanglement entropy in the MERA network is bounded as ([?]) (and (^) for the 



case of one-dimensional critical systems). In particular, if each bond is maximally entangled the 
equality in ([?]) should holds. This bound shows that the entanglement entropy can be estimated by 
the minimum of the number of bonds cut among choices of divisions ja for a given tensor network 
(see the left picture in Fig. ||). This estimation of the entanglement entropy in MERA is very 
analogous to that of the holographic entanglement entropy || . 

This identification between the surface ^a m the MERA and ^a i n the holographic formula 
suggests the relation 

#Bonds^^il, (74) 

assuming that the bonds are maximally entangled. Note that the minimization of both sides agree 
with each other consistently. Here ~ means the equality up to a numerical factor of order one. 
This relation ( f74| ) suggests, at least, a strong correlation between the entanglement in a QFT and 
the bulk geometry (if it exits). The relation ( |74| ) can also be thought of as a natural generalization 
of the standard microscopic interpretation of black hole entropy, in that it says that the area of a 
minimal surface (measured in the unit of Planck length) corresponds to the number of entangling 
bonds. 

The comparison between the holographic formula and the entanglement entropy bound in the 
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MERA AdS/CFT 




S A oc Min[# Bonds(/ j )] S A x Min[Area] 



Figure 5: The parallelism between the calculations of the entanglement entropy Sa in the MERA 
(left) and AdS/CFT (right). The green surface represents ja in both pictures. The red bonds in 
the left denote the disentanglers. 

MERA further suggests the extra direction in the AdS is identified with the u in the MERA which 
counts the layers of each coarse-grained spin system (Fig. ||). To be more precise, let us write the 
(d + 2)-dimensional AdS metric in the form 

rfs|ds = du 2 + %-{dx 2 -dt 2 ) = dz - dt + dx , (75) 
e z z z 

where x describes the coordinate of R d ; e is the lattice spacing of the spin system. We normalize the 

radius of the AdS to be unity for simplicity; z = e ■ e~ u is the standard radial coordinate of Poincare 

AdS. The extra direction u in the AdS is identified with u in the MERA when it is representing a 

ground state of a conformal invariant system (they are equal up to a proportionality constant as 

we explain below). 

In the above example of a conformal invariant system, the component of the metric g uu is 
constant. This is in line with the fact that in the scale invariant the MERA, the structure of the 
tensor network, including the disentanglers, do not change as we go deeper into the IR region (by 
increasing the layer index u). For quantum field theories which are not conformally invariant, the 
MERA network would evolve in a more complex way. To describe such situations, we denote, by 
n(u), the typical strength of the bonds (or the number of bonds) at the layer specified by the 
non-positive integer u. For the MERA for CFTs, n(u) does not depend on u. The MERAs for 
non-CFTs are expected to correspond to the gravity dual with the metric 

e 2u 

ds 2 = g uu du 2 + -^-dx 2 + g tt dt 2 . (76) 

The metric for x is fixed because we employ the same coarse-graining procedure. The metric guv. 
in the extra dimension is related to the density of disentanglers, i.e., n(u) as we explain soon later. 

The temporal component of the metric gtt cannot be determined from the information of en- 
tanglement entropy Sa- If we generalize the definition of the entanglement entropy so that the 
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subsystem A is denned on a Lorentz boosted time slice, in principle, we can read off gu, although 
we will not discuss this issue in detail in this paper. 

To relate the MERA to the geometry flFq), let us calculate the entanglement entropy Sa when 
A is the half of the space (i.e., we consider the equal bipartition of the total space). The calculation 
in the MERA when the system is a one-dimensional spin chain is depicted in Fig. ||. In the MERA 
for a (d + l)-dimensional quantum system, following the previous discussion, we can estimate the 
entanglement entropy as 

o 

SaocL^ 1 < u ) • 2(d " 1)n ' ( 77 ) 

u=— oo 

where L rf_1 is the number of lattice points on the boundary of A. On the other hand, the holographic 
formula in AdS/CFT (|) leads to 

1 i r u uv{=o) 

S A = T7^--^k du^Ze^- 1 ^, (78) 

where Vd-i is the area of the boundary of A. In the continuum limit e — > 0, using the obvious 
relation Vd-i = L d ~ 1 e d ~ l , we find that (77) and ( f78| ) have the similar structure; The comparison 
between the two calculations suggest that the layer index u in the MERA and the radial coordinate 
u AdS/CFT are related as ttAdS/CFT = log 2 • umera, and moreover, 

n(u) oc (79) 

This implies that we can interpret the MERA in the general setups as the holography. 

The arguments so far are based on the MERA for discrete quantum systems. In order to make 
the connection to AdS/CFT more precise, it would be desirable to take the continuum limit from 



the beginning by employing the idea of the cMERA [33] and this will be the main purpose in 
coming subsections. Especially we would like to give an interpretation of the cMERA in terms of 
holography by defining an appropriate metric g uu from the cMERA for any given quantum field 
theory. Before we go on to the construction of metric in the cMERA, we would like to introduce a 
natural metric in quantum mechanics. 

We close this subsection with one important comment. In AdS/CFT, we need to take the large 
N and strong coupling limit of gauge theories in order to realize the classical gravity limit (or equally 
Einstein gravity limit) where the holographic formula (|]) can be applied. If we abandon the strong 
coupling limit, we expect higher derivative corrections to the Einstein gravity and the holographic 
entanglement entropy also includes higher derivative terms [43, 44 1. If we do not take the large N 
limit, the gravity theory receives substantial quantum gravity corrections and the effective gravity 
action will become highly non-local, for which the holographic entanglement entropy has not been 



22 




u = 



Figure 6: The calculation of the entanglement entropy Sa in the MERA for a one dimensional 
system, when the subsystem A is the half of the total space. 



calculated at present. Therefore, one may wonder how these two limits can be seen in the MERA. 
Though we are not going to address a definite answer to this question, we can suggest a related 



important idea. In order to justify the identification (74), we need to assume that the all relevant 
bonds are (almost) maximally entangled. If this is not the case, the precise estimation of the 
entanglement entropy gets quite complicated, and we need the information of entanglement of 
bonds which is far from the minimal surface ^a- Therefore, in such situations, calculations are 
expected to be "non-local" in the sense of tensor network geometry, which is identified with a 
AdS space. This may correspond to the fact that the bulk gravity becomes non-local if we do not 
take the large N limit. At the same time, it is natural to expect that the description in terms of 
maximally entangled bonds can be valid in this limit. We would like to leave more understandings 
for an important future problem^. 



4.2 Quantum Distance 

Suppose we are given two quantum states in the Hilbert space. They can be pure or mixed states. 
For our discussion below, we only need pure states. However, let us be general for a moment, and 
consider two mixed states, characterized by a density matrix p\ and p2, respectively. To measure 
how different these states are, we can introduce a proper distance. The Bures distance is given by 



1/2 1/2 



Db(pi,P2) :=2 1-TWPi >2Pi 



Alternatively, one can consider the Hilbert-Schmidt distance defined by 



£>Hs(pl,p2) := ^Tr (pi 



P2) 



(80) 



(81) 



J After the preprint of this paper appeared on the arXiv, we noticed the preprint [|45|, where interesting behaviors 
in the large N limit of MERA were discussed. 
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When pi and p 2 are pure, and given by p\ = \ipi)(tpi\ and p 2 = IV^KV^I) respectively, these 
definitions reduce to 



D B ip 1 ,P2)=D B (ihM = 2(l-\{rl)i\ih)\), 
Dhs(pi,P2) = D HS (^i,Tp 2 ) = 1 - K^Ail^)! 2 - 



(82) 



Similarly, for a set of quantum states {/?(£)} parameterized by finite numbers of real pa- 
rameters £ = (£i,£2)---)j we can define the distance between them by Db[p(C), p{£, + d£)\ or 
^hs[/o(C)i P(C + d£)]. Assuming the quantum state changes smoothly as a function of £, 

we can expand -Db/hsI/ 5 ^)' p(£ + ^0] f° r infinitesimal <i£. Specializing to the case of pure states, 



(83) 



where we have introduced the quantum metric tensor (or equally Fisher information metric) by 



(84) 



gij(£) transforms inacovariant fashion under reparameterization, £ — > £'(£), <7y(£) = (^' k /d^i)(d^' l /d^j) 
9kl{t'). 

As an example, let us consider a system with two bosonic oscillators defined by creation and 
annihilation operators (a, b) and (a\ tf). They satisfy the commutation relations [a, a'] = [b, b*] = 1. 
(By identifying a = a& and b = a_fc, we can directly apply calculations here to those for the free 



scalar field for a fixed k sector.) Then we can explicitly write the state defined (45) as 



\^ x ) = V^W-e- Xa+b+ \0), 
where A is related A k and B k via A = B k /A k . Then the inner product is found to be 



(85) 



(ip\>\ip> 



V(1-|A| 2 )(1-|A'|2) 



1 - A'* A 

By taking the limit dX = X' — A — > 0, the quantum metric is computed as 

dXdX* 



ds\ 



(A k dB k - B k dA k )(A* k dB* k - Bid A 



k)i 



(86) 



(87) 



(1-|A| 2 ) 2 

where we used the relation \A k \ 2 — \B k \ 2 = 1. This metric ( p7|) coincides with that of the two 
dimensional hyperbolic space or Euclidean AdS2- 
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4.3 Emergent Metric from cMERA 

Now we consider the construction of the metric in the cMERA. Again we assume the translational 
symmetry in the x direction and would like to construct g uu from the data in the cMERA. We argue 
that a natural definition of the metric component g uu for static states in the cMERA is obtained 
by applying the quantum metric (|83|) in an appropriate way as described below. Since the Hilbert 
space of scalar field theory consists of the direct product of each sectors with fixed momentum k, 
finally we need to integrate over k. We define the metric g uu in the cMERA as follows: 

g uu {u)du 2 = AT 1 - \{^{u)\e iL - du Mu + du))f\ = AT 1 (l - |($(u)|$(u + ^))| 2 ) , 



where we employed the relation (|2l|). The normalization factor M is given by the volume of the 
effective phase space at length scale u: 

A" = Vol- f dk d , (89) 

J\k\<Ae u 

where Vol is the (infinite) volume of d dimensional space R d . 

Notice that this measures the density of strength of the unitary transformations induced by 
disent anglers. To extract only the effect of disentanglers we need to get rid of the scale transfor- 
mation (or coarse-graining) by putting the operator e lL ' du in (p8|). Comparing with flS^), we have 
normalized the metric by the volume of the phase space at the scale u in the denominator so that 
the metric measures the density of the strength of disentanglers. Note that it is still possible to 
multiply any finite constant with the definition (^). This normalization turns out to be convenient 
when comparing the quantum metric in the MERA with the bulk background metric in AdS/CFT. 
Observe that (88) can be rewritten as^ 



9uu{u) = (§(u)\K(u) 2 \<$>{u)) - ($>{u)\K{u)\<S>(u)) 2 . (90) 

The reasoning to identify the quantum metric (|88|) as a bulk (or holographic) metric is based 
on their relation to the entanglement entropy, as we discussed for the discrete MERA (see around 
(ff^ )-(|78|)); when we choose the subsystem A to be the half of the total space, the disentanglers 
"cut" by the division 7,4 of the MERA network, which is induced by the bipartitioning in defining 
the entanglement entropy, contribute to the entanglement entropy. The strength of the disentangler 
is a function of u. The quantum metric ^Jg uu measures the density of the strength of disentanglers. 
On the other hand, in the classical gravity limit of AdS/CFT, the holographic formula (|l|) relates 



6 It would also be possible to introduce the metric as g uu (u)du 2 = J\f 1 (1 — |(^'(m)|4'(ii + du))\ 2 J with \ty(u)) 
U(Q, it)|fi). This definition of the metric leads to qualitatively similar results. 
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the area of the minimal surface (7^4) and the entanglement entropy. These considerations support 
the identification ( p8| ) as the bulk metric. 

In time-dependent states such as the ones obtained from the quantum quenches, we need to be 
careful to apply the formula ( |88| ) due to the ambiguity of the phase factor 9^ defined in (^9|) noted 
in previous section. More details of this will be discussed in the next subsection.^ 

Also we need to remember that the use of (|l]) is restricted to the case where we take the 
strongly coupling and large N limit of the CFT. In the free scalar field theory model where we 
perform detailed calculations, the dual gravity is expected to be highly quantum and the metric 
y/g uu cannot be regarded as that of the classical Einstein gravity. Nevertheless, we can still propose 
that (|88|) always provides a metric which describes the dual geometry in a qualitative way. Indeed, 
as the calculations of the entanglement entropy in the 4D N = 4 super Yang-Mills theory suggest 



21], in some cases, the behavior of the entanglement entropy does not qualitatively change when 
we dial the coupling constant from zero to infinity. It would be an very interesting future problem 
to somehow explore the metric y/g U u in strongly coupled large N gauge theories to see a direct 
connection to the Einstein gravity. 

4.4 Coordinate Transformations and Time-Dependent Backgrounds 

A very important question on the interpretation of AdS/CFT in terms of the cMERA is how 
the diffeomorphism invariance in the gravity is encoded in the cMERA. Even though we leave 
comprehensive understandings of this issue for future works, here we would like to try to present 



a schematic explanation. As we assumed in the formula (88), we impose the translation symmetry 
in x direction for the states we consider. 

First of all, we notice that the change of the cut off function T(\k\e~ u / A) can be understood as 
a part of the diffeomorphism. This is because if we change T(\k\e~ u /N) into T(\k\rj(e~ u )/A), then 
this corresponds to the coordinate transformation e~ u — > rj(e~ u ) in the extra dimension. 

Next, remember that there is an ambiguity of choices of the phase factor 9^ ( p9| ) in excited 
states as we noted in the previous section. Though the UV state l^) is clearly independent of 9/-, 
the states \^(u)) at intermediate energy scale depend on 9^ in general. Note that 9^ can be an 
arbitrary function of time t. It is tempting to argue that this ambiguity corresponds to the choices 
of time slices in the bulk gravity. The time slice t = to in a quantum field theory just corresponds 
to the one at the boundary of the gravity dual (e.g., z = in the AdS metric (|75|)), following the 
standard idea of holography. In the gravity dual, we need to extend the time slice at the boundary 



7 We present another definition of metric in appendix [a|. This is free from this ambiguity even though it can only 
be applicable to coherent states. This metric coincides with (pq) if the function g(u) is real. 
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into the bulk in order to find the gravity dual of a series of states \^f(u)). It is clear that there are 
infinitely different ways to do this extension. In a translationally invariant background, this bulk 
time slice at time to is specified by F(t,z) = to i n terms of the bulk time t and radial coordinate 
z{= ee~ u ), for a certain function F. The phase ambiguity 9k(t) indeed has the same degree of 
freedom as F(t,z) by roughly identifying z = 1/k. It is curious to notice that the ambiguity 9 k 
originally comes from the fundamental fact that the state or wave function in quantum mechanics 
is only defined up to a phase factor. 

Now we would like to consider how we can apply the metric (^) to time-dependent states in 
the cMERA. For this, it is useful to remember the holographic calculations of the entanglement 
entropy in time-dependent backgrounds where Sa is given by the area of extremal surface 
in the full Lorentzian spacetime instead of a minimal surface on a time-slice. By considering the 
case where A is a half space and the holographic calculation (^) as before, we can argue that the 



metric (88) leads to the correct metric in the gravity dual if we choose the phase k (t) such that 
the extremal surface ^a is on the corresponding time slice. 

As a consistency check of the above argument, we can explicitly confirm that only for the ground 
states in free scalar field theories, the metric component ( jS8|) does not depend on the choice of 9 k . 
In this static case, the metric corresponds to the the most natural time slice t = tQ in the coordinate 

©■ 

4.5 Calculation of Metric in Free Scalar Field Theory 

To calculate the metric g uu {u) explicitly, we focus on the free scalar field theory with a mass m. 
Let us consider a class of states which are given by the coherent states 

(A k (u)a k + B k (u)al k )\${u)) = 0, (91) 



where A k (u) and B k {u) are related to M k {u) via (|5^). By using (p7|), (p9|), (p2;) and fl53|), the 
metric is computed as 

9uu{u) = AT 1 / d d k [A k (u)d u B k (u) - B k {u)d u A k (u)] [A* k (u)d u B* k (u) - B* k (u)d u A* k (u)} 

J\k\<Ae u 

= A"" 1 / d d k [A k (u) 2 g(u) - B k (u) 2 g*(u)] [Al(u) 2 g*(u) - Bt(u) 2 g(u)] , (92) 

J|fc|<Ae u 

where M was the normalization factor defined in (^9|) . 

Let us focus on the special case where g{u) defined in ( |52|) is real. Then ( |5l| ) and (^) tell us 
that M k {u), A k {u) and B k (u) are also real valued. Under this assumption, the expression (^2|) is 
simplified as 

9uu(u) = g(u) 2 . (93) 
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4.5.1 Ground states 

If we consider the ground state in the free scalar field theory, we find (|93|) leads to 



9uu{u) = x(u) 2 = A ^ 2u e _ 2/A2N2 - (94) 



, iu 

4(e 2w +~^ 2 /A 2 ) 

We introduce a new coordinate z by 



e 2u = — - — (95) 

A 2 Z 2 A 2' ^ 



where < z < 1/m. Then the metric looks like 



9 dz 2 ( 1 m 2 \ , o 9 . , 

ds = 772 + T2I2 - T2 + dttdt 2 . (96) 



4z 2 \A 2 z 2 A 2 / 

This metric is capped off (vanishes) at z = 1/m and this is consistent with the mass gap in the 
scalar field theory. 

In the massless case m = 0, the spacial part of the metric fl9"6|) coincides with that of the pure 
AdS. Also for the Lifshitz-like critical theory, we can show that the metric g uu is a constant as 
follows from (03). This is consistent with the proposed metric dual to Lifshitz-like fixed points 



4.5.2 Quantum Quenches 

Now we would like to consider the time-dependent metric which corresponds to the excited state 
after a global quantum quench. The calculations get highly complicated as we need to specify 
the phase 6^ so that the time-slice coincides with the extremal surface "ja as we explained. Here 
we would like to do a shortcut by fixing 6/. artificially. This is still enough to obtain qualitative 
behavior of the time-dependence of the metric. The metric can be obtained from the formula fl93| ) 
by substituting (fQ]) and ([72|). 

First of all, it is clear from (fH|), the square root of the metric ^/g U u = g(u) in (38) grows linearly 



in time t. This agrees with the fact that the entanglement entropy increases linearly in time t after 



quantum quenches, which has been shown first for two dimensional CFTs in [41], and has been 



later obtained holographically in any dimensions in 47]. This offers a non-trivial evidence for our 
proposed metric fl88j). 

Next let us look at Fig. || again. This is now interpreted as the plot of ^g uu as a function of the 
radial coordinate z{= 1/|&|) and t in the gravity dual. We can observe that the quantum quench 
induces the gravitational waves approximately within the light-cone z < t, which agrees with the 
causality in the bulk. 
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4.5.3 Towards Flat Space Holography 

Let us assume the behavior 

9uu{u) = g{uf oc e 2wu , (97) 

where w is a constant. For a generic form of the dispersion relation e = e^, we find the relation 
(fl^) between g{u) and e&. Therefore the metric (^) corresponds to the dispersion relation 

e k oce A - k \ (98) 

where A is a certain positive constant. This dispersion relation is unusual and is highly non-local. 
Indeed, the corresponding Hamiltonian looks like 

H = [ d d x(j)(x)e A (- d2 ^ /2 (j){x). (99) 



The metric ( |7q ) with ( J97| ) becomes almost flat on a time slice if we choose w = 1. This 
corresponds to the Hamiltonian 



H = J d d x</)(x)e Av/ZF >(x). (100) 

Notice that a very similar non-local field theory appears in [^] where a possible dual to gravity in 
flat space has been explored. A lesson we obtained here is that when we consider the holographic 



dual of the metric (97) with w non- vanishing, the dual theory is expected to be highly non-local. 



5 Another example: Free Fermion in Two Dimensions 



So far we have considered the free scalar field theory as an example. Here we would like to briefly 
show that similar calculations can be done for free fermions. The cMERA for the free fermion has 



been worked out in the version 1 of [33] and we follow almost the same convention. Readers who 
are interested in general discussions may skip this section and move on to the final section. 

For simplicity, we focus on the free Dirac fermion ip in (1 + 1) dimensions, defined by the action 



Sf 



dtdx [iiptfdt + j x d x )tp — mipi/j] , 



(101) 



where tp = (tfii,ip2) T is the two-component complex fermion and 7 matrices are defined by 7* = 03 
and j x = i(T2 m terms of the Pauli matrices. Also we define ~ip = ^'7* as usual. The Hamiltonian 
of this theory is given by 



H 



J dx [—iip^dxip + mipip] 

J dk tol>{(k)ifa(k) + h&(k)ifo.(k) +m^(Jfe)V>i(A:) - mi(>l(k)ifa(k) 



(102) 
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where we performed the Fourier transformation. The canonical quantization leads to the following 
anti-commutation relation 



{Mk),4(k')} = {Mk),4(k')} = 5(k - k'). 



(103) 



5.1 cMERA for Free Fermion 

The unentangled IR state can be defined by 

ipi(k)\n) = o, ip j 2 (k)\n) = o. 

On the other hand, the true ground state |^) of this free fermion theory is given by 

= 0, $(fc)|¥> = 0, 



where ip\ 2 is defined by 



Mk) = Af ) Mk) + B i ° ) Mk) 



Mk) = S^Mk) + A^'Mk) 



(°)„ 



with 



.4 



(0) 



-k 



\J k 2 + (Vk 2 + m? — m) 5 



B 



(0) 



m 



V m 2 + k 2 



y k 2 + (Vk 2 + m 2 — m) 
These fermion operators satisfy the following commutation relations: 

fl, $(*;)] =Vk 2 +m 2 4>l(k), 
H,ij>l(k)\ =- Vk 2 + m 2 ijjl(k). 
More generally we can consider the excited states defined by 

(A k Mk) + B k Mk))\*) = 0, 
-B k 4(k) + A k 4(kj) |¥)=0. 



We can normalize 



l^fcl' + l^l 2 



1. 



(104) 



(105) 



(106) 



(107) 



(108) 



(109) 



(110) 



Notice that the state \^f) does not change if we multiply a common phase factor to (A k , B k ) as in 
the previous scalar field example. The choice (A kl B k ) = (A, , b£ ) corresponds to the ground 
state. 

As before, we aim to relate the UV state |^) to the common IR state via the unitary transfor- 
mation ([H]). We assume the following form for the disentanglers 

(111) 



K(u) = i dk g k (u) i/>[(k)Tk(k) + g* k (u) ^i(fc)W) 
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where the function g k (u) is chosen to be the form 

hp-V 

g k (u)=g(u)T(\k\e- u /A) — . (112) 
where g(u) is complex-valued in general. The presence of the factor k, which is missing in the scalar 



field theory, is now required to reproduce the correct ground state (107) as noted in p3|. 



In terms of the particle annihilation and anti-particle creation operators, we obtain 

Pe -n: m Kvw I Mk)\ Pe ij: m K(u' )d w = Mk{u) ( Mk) 

\4(k)) \4(k) ] 
where we introduced rank 2 matrices M k (u) and N k (u) as 

M M J Pk{u) Qk{u) )=PexJ[ U d u>G k ( U i)). 
\-QKu) P£(u) \Ju m J 



-Q* k (u) P* k {u)j \Ju m 
-Q k {u) P k (u) \Ju m 



N k (u) I P * k(u) QI(U) I = Pexp ( / du>H k (u>) ), (114) 



with G(u) and H(u) defined by 



° -* (B) , *(«)- ° -«<-» . (U5) 

K 9* k (u) J \g k (u) J 

Equivalentlywe can show that 

dM k (u) dN k {u) 

— — — = M k [u)G k (u), — — — = N k [u)H k (u). (116) 

The matrices M k (u) and N k (u) clearly satisfy \P k (u)\ 2 + \Q k (u)\ 2 = 1 an d preserve both the 
commutation relation of ipi(k) and ip\(k) an d the one of i^2(k) and (k). By comparing the IR 
and UV states, we obtain the relation 

P k (0)=A k (0), Q k (0)=B k (0). (117) 
Notice that M k (u) and N k (u) satisfy 

M k (u)^M k (u) = 1, det M k (u) = 1, 
N k (u?N k (u) = l, detJVjfe(u) = l, (118) 

which says these belong to SU(2). Also the parametrization ( [L15D covers only two out of three 
generators of SU(2). Though the remaining one is found to be 

e iS k a s € SU(2), (119) 
we can ignore this by using the phase ambiguity of ( |10g| ) as in the free scalar field theory case. 
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5.2 Ground State 

If we assume that gk{u) takes only real values i.e. g k = (gk)* , then we find from ([115| 



cos 



" m du'g k (u')j - sin (j^ R du'g k (v!) 
" du'g k {u')) cos ( du'g k {u') 



M k {u) = N k {u) 

\ sin I , 

By comparing between these at the UV point u = 0, we find 

-k 



(120) 



sin 2ip k 



\Jk 2 + m 2 ' 



where we defined 



'log|fc|/A 

The function g(ii) is found from (|122j) as follows 



dug(u 



ke~ u 

IT' 



ff(«) 



d 


"A 




1 


dk 






~~ 2 

|fc|=Ae" 



arcsm 



+ 



mAe u 



VA 2 e 2 « + m 2 m 2 + A 2 e 



2u 



(121) 



(122) 



(123) 



In particular, in the massless case m = we find that g{u) becomes a constant 

g(u) = <p k 

5.3 Metric from cMERA 



7T 

T 



(124) 



Now we would like to move on to a holographic interpretation of the cMERA in this free fermion 
theory. We can apply the general formula (^) for the metric in the extra dimension. The state 
defined by (109) is written as the coherent state 

l-\4(k)Mk) 



1 + |A|' 



|fi>, 



(125) 



where A = We can show 



(V>A'|^ 



1 + AA' 



^(1 + |A| 2 )(1 + |A'| 2 ) 



(126) 



By considering an infinitesimal Bures distance (or equally Hilbert-Schmidt distance), we find the 
corresponding metric. If we take the limit A' —> A, 

dX* dX 

777727 

(127) 



D B {$\>M = Hm .2(1-1(^1^)1) 



A'->A 



(l + |A| 2 )(l + |Af) 



(A* k dB* k - B* k dAl)(A k dB k - B k dA k 
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Finally the holographic metric ( |8q ) is found to be 

9uu{u) = i /" dfc [A fe (u)*d UJ B fe (u)* - B fc (u)*fluA(u)1 [A k {u)d u B k {u) - B k {u)d u A k {u)} 

■N J|fc|<Ae« 

= - dk( — — [Al(u)g(u) + ^.(n) 2 5 (n)*] • [A%(u) 2 g(uy + B* k (u) 2 g(u)] , 

M J\k\<Ae™ \ A J 

where M is defined in (j39"l). When <?(it) is a real valued function, we find 

. . q(u) 2 

9uu(u) = ^y-. (128) 

For the ground state ([124)) of massless fermion theory, we can find that g uu is a constant and the 
gravity dual becomes a AdS space as expected from the conformal symmetry. 

6 Conclusions and Discussions 

By making use of the holographic formula for the entanglement entropy as a hint, we have intro- 
duced a proper metric to the MERA tensor networks and in particular to their continuum counter 
parts in the cMERA. The metric captures how quantum degrees of freedom are entangled with 
each other at different length scales. We computed the metric explicitly for the cMERA for free 
boson and free fermion quantum field theories. We have checked that the computed metric has 
properties expected from the holography; that it coincides with the AdS metric when these field 
theories are conformal field theories; that it is capped off when there is a mass gap; that its square 
root grows linearly in time after quantum quench, etc. 

Our formulation based on the cMERA can be applied to holography for wide classes of space- 
times which are far more general than the AdSs. For example, we found that if we consider 
holographic duals of generic spacetimes such as a flat spacetime, they should be highly non-local 
theories including infinitely many derivatives in their Hamiltonians. It might be an interesting fu- 
ture problem to understand the physics of black holes in a flat spacetime by using this formulation. 
For example, they have the intriguing properties such as the negative specific heat. Interestingly, it 



has been known that the negative specific heat can happen in highly non-local theories [49]. Also 
it is another important future problem to extend our formulation to the finite temperature theories 
dual to AdS black holes (refer to the recent paper for a construction of black hole states in 
MERA based on the thermofield dynamics). 

In the interpretation of the cMERA as AdS/CFT, the key identification is that each of entan- 
gling bonds (disentanglers) in an appropriate time slice can be regarded as a unit surface area. It 
is very exciting to note that this correspondence seems to be naturally generalized to spacetimes 
which have no space-like boundaries and which do not follow the standard rule of holography. This 
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Figure 7: A conceptual sketch of a possible formulation of quantum gravity in terms of entangle- 
ment. 

might offer us a hint to formulate quantum gravity in general spacetimes (see Fig. ^). Notice 
that in this correspondence, both sides are manifestly dynamical because the time coordinate is 
already built in and cannot be emergent. Refer to j7|, ^] for closely related ideas which connect 
the quantum entanglement to the emergence of gravity dynamics. 

A precise connection between the MERA and AdS/CFT is still missing, though. Firstly, in our 
current approach, we could not determine the time component of the holographic metric. In other 
words, our metric is the one on a fixed time slice and this depends on the choice of the time slice. 
In principle we can boost the system and calculate the entanglement entropy so that we can read 
off the time component of metric. This certainly deserves future studies. Secondly, the role of the 
large N limit in the MERA is not clear yet (although we gave a speculation on this point). On the 
other hand, the non-necessity of the large N limit in formulating the MERA can be thought of as 
an advantage; our metric can, in principle, be defined for arbitrary quantum many-body systems 
once their (ground) states are expressed in terms of the MERA tensor networks. Assuming that 
the MERA (and its suitable modification) can be applied to a wide class of quantum many-body 
problems, we can define a sort of bulk geometry averaged by quantum fluctuations for a wide class 
of systems. It is also useful to note that the gravity dual of O(N) scalar field theory is given by 



the higher spin gravity |50| as has been recently studied actively [|5l], £32], |53], |54|, |55[. We will be 
able to employ this correspondence to study the relation between the cMERA and AdS/CFT more 
closely. The excitations of higher spin fields will correspond to the addition of non s-wave terms to 
the disentanglers K in (|32|) . 

This mysterious connection between the MERA and AdS/CFT opens up a possibility to classify 
various phases and states in quantum many-body systems in terms of their bulk geometry. This 
may be a good news, since there is growing evidence that quantum phases and quantum phase 
transitions cannot fully classified in terms of the conventional tools in classical statistical physics, 
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such as the Landau-Ginzburg type theories of phase transitions [56|. In the latter, classical phases 
can be characterized by a pattern of symmetry breaking, i.e., in terms of group theory. On the 
other hands, there are known examples that do not fall into this category; Most notably, topological 
phases of matter such as the fractional quantum Hall effect. AdS/CFT and the MERA offer an 
emerging holographic view for quantum phases, which is complementary to the Landau-Ginzburg 
paradigm, viz, quantum phases are to be classified by their emergent geometry. 

In order to offer further evidence for the connection between AdS / CFT and the MERA ( "AdS /MERA" 
in short), it is worth while mentioning and comparing how topological phases are represented in the 



MERA and AdS/CFT. (Fig. |.) In |57|], the MERA for a topologically ordered phase in two spatial 
dimensions is constructed for a particular lattice model, the Kitaev's toric code model. One of the 
salient feature of the MERA tensor network for the toric code model is the existence of its "top 
tensor", which is located at the most IR region ("top") of the tensor network. The top tensor stores 
information on the topological degrees of freedom (or topological order). In particular, it captures 
one of the defining properties of the topological phases, the topological ground state degeneracy 
when the system is put on the Riemann surface of genus g > 1 (the ground state degeneracy is four 
in the toric code model on the torus). The tensor networks for the four ground states of the toric 
code are largely identical except in their top tensor. 

On the other hand, in [fiSfl , the gravity dual of a three dimensional gauge theory which flows in 
the IR to the pure SU (N) Chern-Simons theory is constructed. The geometry is capped off at IR 
since the theory is gapped. In addition, D7-branes are located at IR. This setup is gapped even 
without the D7-branes, but their presence is necessary to realize a topological phase; the D7-branes 
give rise to the Chern-Simons term, and contributes to the topological entanglement entropy. The 
holographic views of topological phases offered from the MERA and AdS/CFT are surprisingly 
similar, and it is tempting to identity the top tensor and the D7-branes. 
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Figure 8: A comparison between the MERA for topological phases and the gravity dual of the 
Chern-Simons theory. 
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A Another Definition of Metric for Coherent States 

Here we discuss an intuitive measure of entanglement and based on this we would like to define 
another metric for the coherent states in the free scalar field theory. We consider the relative 



distance between the IR vector (atk,Pk) defined in (28) and UV one (Ak,Bk) defined in 
By performing the SU (1,1) transformation, this is equivalent to the distance between (1,0) and 
(A^ock — B^fi^, OLkBk — /3fc^4fc). Notice that in the UV limit k = M, the distance is vanishing. If 
the distance is small for finite k, then the UV state \^f) is closer to the unentangled IR state 
Therefore this distance presents the measure of entanglement. 
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Now we parameterize 

A k a k - B k j3 k = cosha fc • e tbk , 

a k B k - /3 k A k = sinh a k ■ e lCk . (129) 

The natural metric of this parameter space which preserves SU(1, 1) structure is defined by 

ds 2 = da 2 — cosh 2 adb 2 + sinh 2 adc 2 , (130) 

which coincides with the AdS% as is expected from the SU(1, 1) symmetry. Moreover, we need to 
take a quotient by the identification (b,c) ~ (b,c) + (0,8) for any 8, which is the phase ambiguity 
of the definition fl45|). In the end, we obtain the following AdS2 metric 

ds 2 = da 2 + cosh 2 a sinh 2 a(db — dc) 2 , (131) 



and indeed it coincides with the quantum distance (p7|). 

The vector (a k , b k ,c k ) for < k < M makes a trajectory in this AdS2 space. For simplicity 
we start with a scalar field theory in 1 + 1 dimension. The entanglement entropy Sa for a given 
subsystem A should be a functional of T^,. A simplest choice will be just the length of Tq,. 

The length L k of this trajectory is defined by 

L k = I dky (d k a k ) 2 + cosh 2 a k sinh 2 a k (d k b - d k c) 2 . (132) 
Jo 

L k describes how the entanglement is added as we increase the energy scale k. Therefore we are 
lead to identify 

^gK = k^- = k^J (d k a k ) 2 + cosh 2 a k sinh 2 a k (d k b - d k c) 2 , (133) 



assuming the relation k = Ae u . This defined a natural metric component g^ u in the extra dimension 
u. 

Below we study the property of this metric in the massless free scalar theory m = 0. For the 
vacuum state i.e. (A k ,B k ) = (1,0), we simply find g^ u = \- Moreover, if g(u) defined in (|52|) 
is real, we can show after some algebras 

9uu = 9(u? = gnu- (134) 

Thus it agrees with the emergent metric defined in (^). However, in general excited states this 
equivalence is no longer true. 

It is also interesting to note that for the ground state i.e. (A k ,B k ) = (1,0) we find 

1 f M dk 1, /M\ . . 

L - = L — =2/ IR T=2 l0g UJ' (135) 
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Figure 9: Plots of y/ g^ u as a function of t. In the left graph we assume z = 1, while the right one 
z(= 1/k) = 10. We assumed that mo = 10 and m = for this quantum quench. 

where eiR is the IR cut off. This is proportional to the entanglement entropy Sa in two dimensions 
(i.e. d = 1) when A is the half of the total space R d . 

In general, we can express such a functional of which is invariant under 577(1, 1) symmetry 

as 

dkf(k)\/G A dS2, 



Sa 



(136) 



for any function f(k), where GAdS2 is the metric ( 131 ). If we assume that A is given by a half 

space of R , then the calculation should not depend on the energy scale i.e. k. Thus we can set 

f(k) is a constant. This indeed agrees with the observation ( |135| ). On the other hand, when A is a 

strip with a finite width I, we will need to choose f(k) is some function of the form f{k) = F(kl). 

To extend this argument to higher dimensions d, we just need to multiply the degeneracy factor 
e (d-i)u in front of (pel) . 



Also we would like to analyze the global quantum quench where the mass of the free scalar 
changes from uiq to m = 0. We plotted the time evolution of \J g^ u for fixed values of z in Fig.[| 
This behavior is clearly consistent with the linear growth of the entanglement entropy. We can also 
confirm that the plot \J g^ u as a function z = 1/k and t looks very similar to FigQ We can again 
qualitatively confirm that the excitations are propagating within the light-cone z < t. 

Finally notice that this definition of metric does not have any ambiguity due to the phase 
factor as opposed to the one (^8|) we proposed in the main text. However, g^ u cannot be defined 
for general states as we employed the special property of coherent state that the state is written as 
the direct product of different momenta. 
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